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Abstract

Given a collection of time series, one might want to know which of them have the
greatest values at some instant in time. In this article we present a new algorithm to
answer this question: A technique which answers such queries for general collections of
one-dimensional time series using an asymptotically optimal number of I/O operations.
Our approach is to calculate the moments in time when the roster of top series changes,
and then to store the list of those events in an efficient manner. We show theoretically
and with experiments that this approach produces search indices much smaller than
those produced by previously-described approaches.

1 Introduction

In January 1815 the first-, second-, and third-most expensive stocks trading on the New
York Stock Exchange were Merchants Bank, Manhattan Bank, and Mechanics’ and Traders’
Bank at $118, $117, and $116 per share, respectively[14].

The information given above is the answer to a top-k query over historical NYSE price
data with &k equal to three and the instant of interest equal to “January 1815”. (The instant
is an entire month because these historical data are only available at that granularity.) The
ability to retrieve answers to such questions is of great practical usefulness, not just in finance
and economics, but also in many other areas. How to efficiently compute answers to these
types of queries is the subject of this work.

1.1 Problem Statement, Notation, Definitions

Adapting the notation and nomenclature used in [11], we consider a collection of functions
fi : R — R (from some real-valued time instant to some real-valued magnitude) and call
them time series. When the data set {f;} is composed of sample points, m; is the number
of sample points in series f;. We say that there are n such series, so the index variable ¢
assumes n discrete values (for example, integers between 1 and n). We are concerned with
computing the k£ time series which have the largest value at time instant t. In this article,
we talk about how to build a search index, an on-disk data structure, to facilitate answering
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such queries. The parameter k.. is the upper-bound on the maximum k& for which the
search index can answer a query.

t

to

Figure 1: Notation illustration.

Please see Figure m for an illustration of the notation. In that picture, there are three time
series: f,, fp, and f., so that n = 3. There, m, = 6, my = 3, and m,. = 8. The dashed lines
labeled ty and ¢; are instants in time. In the picture, tops(to) = (a, b, ¢), tops(t1) = (b, a,c),
and top,(t1) = (b). A table of notation is given in Table E

Symbol | Meaning
{fi} The data set.

fi A time series.

m; The number of samples in f;.

n The number of time series in the data set.

t An instant in time.

N The number of samples in the data set, Y. m;.

Kmax The largest supported £ for any top-k query.
topg(t) | The top k series at time t¢.

M The size of main memory.
B The size of a disk block.
I The size of an on-disk search index.

Table 1: Notation used in this article.

For discrete (or discontinuous) data, it is assumed that there is some given mechanism
for interpolating over gaps. Many times, the method of interpolation is to draw straight
segments between adjacent data points or segments. When the data set is composed of
samples on the time series, we define N := """ m, as the total size of the given data set.

Various results will be quoted in terms of the main memory size M, the size of a disk
block B, the number of sample points N, and the size of an on-disk search index 1.



[ Structure [ Index Size [ Construction Time [ Query Time [ Update Time

MVB-Treg[d, 1L1] o(%) o(110g ¥) O(logs ¥ + §) n/a
R-TreE[R, 1L1] o(g) O(Ilog ) o(%) O(logB g)
SEB-Tres[L1] O(%a(%) (\/@Jrlog ’“UTX» o(r0g %) O(logs N + %) unknown

WRLD-TREE (static) o (% log, kmx) o (1 log %) o (1ogB N+ g) n/a
WRLD-TREE (bulk dyn.) do. do. do. o <10g Niog, kmax>
WRLD-TREE (dyn.) do. do. o (log2 kmax <logB N+ %)) 10) (10g2 & log, k;max>

Table 2: A tabular summary of index sizes, construction times, query costs, and update
costs for all known temporal top-k query algorithms. The value I in the “Construction
Time” column is equal to the bound on the index size of the algorithm (the value in the cell
to the left). All of the bounds shown are absolute except for the index size and construction
time bounds of SEB-TREE, which are in expectation.

1.2 Contributions, Organization

In this article, we present WRLD-TREE, a new data structure indexing time series data for
top-k queries. The advantages that this structure presents over previous approaches are
three.

The first advantage is the small size of the index that the algorithm creates. Here, the
size of the on-disk index is bounded above absolutely by O(% log k:max) disk blocks. That

is smaller than the O(%a(%)( log % + log kmﬁ)) expected disk blocks required by the

best previously-described approach, SEB—TREE[lll]. We will see in Section @ that on the
synthetic and real data sets that we tested, WRLD-TREE produces a much smaller on-disk
search structure.

WRLD-TREE also provides deterministic upper bounds on the construction cost of the
index, the index size, and query cost (the last of which is optimal for static and bulk-dynamic
versions of WRLD-TREE). The deterministic bounds given in this work can be contrasted
to the bounds-in-expectation for SEB-TREE. Please see Table P for a tabular comparison
of the index size, index construction time, query cost, and update cost of WRLD-TREE,
SEB-TREE, and two other approaches.

The third contribution is that our methodology for doing top-k£ queries. The approach
that we take is more “general” than any previously-presented. It can be used with time
series represented in any way (piecewise constant, piecewise linear, piecewise continuous,
symbolic, and so on), which is in contrast to MVB-TREE[3, [L1] which requires that the
series be piecewise constant, and is in contrast to the piecewise linear representation required
by R-TREE[R, 11] and SEB-TREE[11].

Other previous and related works are discussed in Section % A description and discus-
sion of WRLD-TREE, including analysis, is provided in Section §. Experimental results are
discussed in @ We conclude the article in Section f.



2 Previous and Related Work

The present work and SEB-TREE[L1] are the only two algorithms of which we are aware
that are targeted specifically at_the problem of answering top-k queries on time series. The
discussion of previous work in [[11, §2] provides an extensive listing and discussion of works
which address questions similar- or related-to our question. We recommend that section if a
more extensive survey desired.

There were are only two solutions to the temporal top-k problem prior to SEB-TREE,
both of which were adaptations of pre-existing data structures.

It is possible to use R-TREEs[]] to do top-k queries on piecewise linear approximations of
time series by viewing the segments of the data as ranges which can be stored in a range tree.
It is also possible use MVB-TREEs[3] to do queries on piecewise constant approximations of
series by viewing the series as scalars which change over time (have multiple versions). The
first of these solutions has potentially linear query times, while the second one could require
an index of quadratic size.

By way of other related work, the Threshold Algorithm (“TA”)[[7] is a methodology that
can be used to widen the applicability of the ideas that we share in this paper. TA allows
multiple top-k databases to be combined together optimally so that new top-£ lists, sorted by
different aggregation functions, can be generated. TA requires that the primitive top-k lists
are provided in sorted order, which the algorithm in Section B.1.1| does. Additional recent
work along these lines can be found in [9], where the authors improve the performance of
larger aggregate queries.

3 Algorithms and Analysis

In this section, we present two algorithms for constructing static top-k search structures.
Those discussions are found in Sections Bl]] and 13.1.2, the first is an initial step and the
second is more efficient. A query algorithm that can be used with either of those structures is
presented and analyzed in Section @ A dynamic search structure and its accompanying
query algorithm are presented in Section B.2.

3.1 Static Structure

The approach that we take to answering top-k queries over the data set {f;} is to view
top,(-) as a tuple-valued function of one real parameter, then to try to store and evaluate
this function as efficiently as possible.

If there are three time series f,, fi, and f., then the value of tops(t), for any value of the
time parameter ¢, is some permutation of (a,b, c). Based on that, the simplest possible way
to store the tops(-) function associated with those three series would be to simply compute
all of the contiguous intervals in time on which the function value does not change, isovalued
intervals, and store those intervals in a B-TREE. The algorithm presented in the following
subsection is based on that idea and almost that simple.



3.1.1 The First Static Algorithm

Instead of computing every contiguous interval on which the value of top,(+) is constant and
storing the tuples explicitly, the approach that we take in the first algorithm is to store some
of the function values in compressed form by referring to the values immediately preceding
them in time.

If the rankings of three time series are (a,b,c) and (b,a,c) on two adjacent isovalued
intervals, the first interval ending and the second beginning at time ty, then the time ¢,
coincides with an instant at which f, and f, intersect each other (or cross each other if the
series are not continuous).

That means that it is possible to record a change in the value of top,(-) by noting the
causal intersection and its time, say (a,b, 1), instead of the entire length-k tuple (which
would restate a great deal of information already present in the previous tuple).

Since the intersections can be noted using only constant space (assuming that the time
values are of fixed-precision), and since any report of top,(f) must require at least (’)(%)
disk operations, it makes sense to only explicitly store the tuple value associated with every
(k + 1) isovalued interval and store only the intersections that occasion the next k intervals.
The tuple and the following intersections are then packaged together as a single value and
stored in a B-TREE. The key associated with that entry is the start time of the interval
associated with the tuple. Please see Figure J.
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Figure 2: An illustration of the data structure. In this example, k.« = n = 3. In_the upper
third, The data set with magenta intersections is shown (see Algorithm EI line [l). In the
middle third, the list of intersections is partitioned into chunks of size k + 1 (see Algorithm

line E and let 2/ = k). In the bottom third, the B-TREE entries, with their keys shown in
gold, are created (see Algorithm P line [1).

The approach just described assumes a fixed value of k. The idea can be extended to
work with any k& < k. by building a logarithmic number of these structures, where the
value k is made to be 27 and j ranges from 0 to [log, kmay |- When this structure is queried
for a particular k, a ranking of length O(k) is returned.



The construction algorithm can be seen in pseudocode form in Algorithm m Please note
that a few mild assumptions are made in the pseudocode for the purpose of simplicity, such
as that the total number of intersections is divisible by 2082 kmax],

Algorithm 1 First construction algorithm.

Require: {f;}, kmax
1: E < all intersections in {f;}, sorted by time.
2: for all e € E do
3: t. < the time at which e occurs

4 for all 0 < j < |log, kmax| do

5 if topy;(te —€) # topy;(t. + €) then
6: STORE(J, €)

7 end if

8 end for

9: end for

On line @ a comparison between the values of top,;(:) immediately before and after an
intersection is performed. If the two sorted lists are identical, that means that the intersection
does not effect top,;(+) and so it does not need to be considered for that value of j. However,
if the intersection does effect the top-k for & = 2/, then it is stored in the search tree
associated with that j value.

Line f is where the storage of relevant intersections takes place. The storage subroutine
called on that line is shown in pseudocode-form in Algorithm P. The subroutine works by
maintaining an (initially empty) list of 27 intersections for each j value. When the subroutine
is called and the list associated with j has 2 or more entries, the subroutine creates a new
entry in the appropriate B-TREE consisting of a tuple (of length 27) and 27 intersection
events (each of constant size), then empties the list.

Algorithm 2 The common storage subroutine.

1: function STORE(j,e)

2 if |[1ist;| > 27 then

3 tree; < the top,y;(-) B-TREE

4: key < the earliest instant of time in 1ist;

5: topk; < top,; (key)

6 value < [ topk; , DROP(1,1ist;) ]

7 INSERT(tree;, key, value) > Store in B-TREE.
8 list; <0 > Empty the list.
9 end if

10: list; < CONJ(1listj,e) > Add e to the end of list.
11: end function

We can now establish a few facts about this algorithm.



Lemma 1. If E is defined to be number of times that the sorted list top, (t) changes as
t ranges over (—oo,00), then Algorithm B produces an index of size O(%) disk blocks (in
expectation,).

Proof. A B-TREE containing m items of constant size requires O(m) space. Algorithm EI
produces O(log kmax) B-TREESs, the largest one containing O(FE) items. Those trees have
sizes distributed as powers of 2/, with one tree of each size. Based on those facts, the total
size consumed by the search structure is O(F). ]

Restating that in terms of N gives the following result.

Lemma 2. If the time series are presented as sample data, and if the method of interpolation
between samples is to connect adjacent samples by curves of degree d € O(1), then Algorithm
produces an index of size O(%k’max) disk blocks.

Proof. There are O(N) curved segments which arise from interpolating between adjacent
samples. We say that a segment “generates” an intersection if the segment’s starting time is
earlier than that of the other segment that participates in the intersection (we are assuming
that no more than two segments intersect at any given point in space and time, which can be
made true by arbitrary but consistent tie-breaking). Because each f; is a function and each
segment is of bounded degree, no segment can generate more than O(d*kmax) = O(kmax)
intersections.

Since there are only O(N) segments there can be only O(Nkp,x) intersections, so the
total storage cost is bounded above by O(%kmax) disk blocks. O

From now on, we will use the setting established in the hypothesis of Lemma E That is,
we will assume that the data set is composed of sampled time series with adjacent samples
connected by curves of bounded degree.

We will now talk about the number of disk operations required to run Algorithm El

Lemma 3. If we define I := O(%kmax) , then Algom'thm@ requires O(1 log I') disk operations.

Proof. Since [ is the bound on the number of intersections, in order to prove the statement
we need only show that the intersections in the data set can be computed in time less
than or equal to this. In [6] it is shown that the set of intersections can be computed in

@) <% log A % + %) where M is the size of main memory and F is the number of intersections
in the data set. Since & € O(I) and E € O(I), we conclude that the number of disk
operations is bounded by O(Ilog! + 1) = O(IlogI). ]

In the next subsection, we describe a more space- and time-efficient data structure.



3.1.2 The Final Static Algorithm

The construction algorithm presented in the previous subsection creates a search structure
which, when it is queried, gives a O(k)-length sorted list of the top-k series. However,
following the precedent established by SEB-TREE[L1], we can make the search structure
even more efficient by instead returning a list of O(k) series, unsorted, in which the top-
k are guaranteed to be present.® That can be done my making one change: instead of
comparing to see if the lists of rankings are the same, on line p of Algorithm B we test to see
whether the top-2/ rankings are the same when viewed as unordered sets.

Algorithm 3 Final construction algorithm.
Require: {f;}, kmax
1: E < all intersections in {f;}, sorted by time.
2: for all e € E do
3: t, < the time at which e occurs

4 for all 0 < j < |log kx| do

5 if topy;(te — &) A topy,(te +¢) # () then
6: STORE(7, €)

7 end if

8 end for

9: end for

Lemma 4. Algorithm B produces a search index whose size in disk blocks is bounded by
O(% log, kmax) )

Proof. As discussed in the proof of Lemma E, each intersection is generated by one particular
curved segment between adjacent sample points.

Let us examine one particular segment belonging to time series f;. Whereas all of the
segments are of bounded degree, the collection of intersections generated by any segment
cannot cross the boundary between the group of top-2’ ranked series and the group of top-
27+1 ranked series more than O(1) times. That implies that one segment can generate no
more than O(log, kmax) entries in the index produced by Algorithm J because there are only
that many ranking groups under consideration.

There are O(N) segments, so there are only O(N log, kmax) unique intersections in the
data structure.

No intersection appears in more than two of the B-TREEs built by Algorithm a, so the
total amount of space consumed is O(% log, kzmax). ]

Now we will consider the number of disk operations required to build the search structure.

Lemma 5. If ] := O(% log kmax), then Algorithm B requires (’)(I log %) disk operations.

! This carries an implicit assumption that k¥ < kpax is small enough to allow the returned items to be
sorted in-core; if that is not the case then an extra O(klogk) disk operations are required.



Proof. As the pseudocode is written, it appears that the computation requires at least
O(ﬂ log% % + %) disk operations because the complete list intersections is computed on
lineE of Algorithm .

However, the computation can be made more efficient by only computing the intersections
that cause an actual change in the constitution of topy;(-), when the value of that function
is viewed as an unordered set.

The collection of approximately log, kmax segments that are respectively at the bottom
of each of the top,; (—oc) rankings can be found using a segment tree. After that, the list
of intersections that define the bottom of each topy;(-) from time —oo to oo can be found:
the successor in time to any bottom-defining-intersection of a ranking can be computed in
O(log %) operations by using a segment tree to find the next segment that intersects the
present segment. Such a segment tree would require O(% log %) operations to build.

The total cost of computing all of the interesting intersections is therefore O (N log kpax log %)
disk operations because there are I := O(N log kpayx) intersections of interest (as shown in
Lemma f) and each one requires O(log %) disk operations to compute.

The less-expensive methodology for computing the relevant intersections also prevents
any undue expense from computing the symmetric difference of the two sets shown on line

. That computation actually never has to be done because an intersection is considered if
and only if that difference is non-empty. ]

3.1.3 Querying

The auery algorithm, Algorithm @, can correctly query an index created by either Algorithm
or

When a request for the top-k series at time t arrives, the query algorithm starts by
deciding which of its B-TREEs to search. For any k < k.., querying the j B-TREE where
J = [log k] returns an item of size of O(k) that is sufficient to compute the desired ranking.
The pertinent entry in that tree is found on line E by looking for the value whose key is the
largest that is less-than-or-equal-to the query time.

The initial top-k tuple and the list of intersections are retrieved from the value returned
by the B-TREE query. The algorithm iterates over the time-sorted list of intersections,
updating the tuple as it goes (line H), until an intersection is found whose time is after t,
whereupon the algorithm breaks out of the loop and returns the modified tuple. The tuple
is the value of topy;(-) on the isovalued interval that contains the query time ¢. In other
words, its is topg; (t).

3.2 Dynamic Structure

There are two styles of updates that we would like to support. The user might want to have
the ability to expand or contract the range of time covered by the data set, and she might
also want to be able to add or remove time series from {f;}. We refer to those two types
of updates as horizontal updates and wvertical updates, respectively. Given the fact that the



Algorithm 4 Query algorithm.

Require: k.t
1. j « 2oz k]
2: tree; < the top,;(-) tree
3: [ topk , list ] < FIND-LEQ(tree;,t)
4: for all e € 1ist do
5: t. + the time at which e occurs
6: if t. <t then
7 UPDATE(topk, €)
8: else
9: break out of loop
10: end if
11: end for
12: return topk

WRLD-TREE is built on top of a standard dynamic B-TREE, support for horizontal updates
is automatic. Vertical update support requires some additional work.

Fortunately, the static data structures can be adapted to support vertical updates by
using the well-known technique described in [12, Chapter 7].

In brief, that technique can be described in the following way. One creates O(log, N)
static data structures, each with a rough size that is a power of two, and no more than
one of each rough size. For example, to store a data set that contains n = 33 time series
(all with roughly the same number of segments), one would create one static search index
containing 2° = 32 series and another containing 2 = 1 series. The creation and deletion of
the static sub-structures in response to an insertion follows a pattern analogous to that seen
when n + 1 is computed in binary arithmetic: when circumstances result in two trees of size
27 being present in the collection, both of those trees are destroyed and their contents put
into a single tree of size 27F1.

That technique results in a data structure supporting dynamic insertion that requires
the same amount of disk space (asymptotically) as the static version.

Because there are O(log, N) trees, a query of this dynamic structure requires roughly a
factor of log, N more disk operations than does a query of a static structure containing the
same data.

On an amortized basis, insertions into the data structure require a number of operations
proportional to the number required to build a static structure, divided by % and again
multiplied by log %, which results in an amortized insertion cost of (’)(log2 % log, kmax).

Deletions can be handled in O (log2 % log, kmax) amortized operations by insertion of
anti-series. If the series f; is to be deleted from the data set, that can be implemented by
inserting a series f; ' that is identical to f; but which instructs the system not to report f;
if both are returned by a query (of course f; ' is never reported). This will not cause the
size of the on-disk data structure to grow out of control: when half of the series contained
in the structure are found to be deletions, the entire structure can be scrapped and rebuilt
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with no penalty (that is, no penalty in amortized, asymptotic terms). Since up to half of
the series found by any query my be anti-series, supporting deletion means that if the top-k
series at some time are desired, then a query for the top-2k series (and anti-series) must be
done (but this is at no asymptotic penalty).

The query and update costs just given are pessimistic in that they account for a pattern
of piecemeal updates. If one makes the possibly more realistic assumption that all additions
add Q(N) new segments and all deletions remove Q(N) segments, then the query cost for
the dynamic structure is the same as that of the static one (because there will never be
more than a constant number of static sub-structures in the overall dynamic structure).
Under that scenario, the amortized update cost is the construction cost divided by %, or
O(log N log, kmax), which is a logarithmic factor less than the bound in the piecemeal case.

4 Experiments

We performed a number of experiments to validate the algorithms presented in this article.
In design, the experiments are largely meant to replicate those shown in [11]. The reason is
that the experiments in [11] showed that the SEB-TREE data structure is comprehensively
superior to any method that came before it. Our aim here is to not only allow the reader to
evaluate the relative merits of WRLD-TREE and SEB-TREE, but also allow her to compare
WRLD-TREE to the R-TREE- and MV B-TREE-based approaches.

To that end, we have made our WRLD-TREE implementation freely available and in-
cluded detailed instructions on how to replicate the experiments reported in this article B

All of the experiments were performed on a computer with an Intel Core 2 Duo CPU,
four gigabytes of RAM, and a one terabyte disk which was running Ubuntu 12.04. The
WRLD-TREE prototype was written in the Clojure language, version 1.7.0-alpha2, running
on OpenJDK version 7. The SEB-TREE code? was compiled with gcc 4.6.3.

The experiments were performed on a number of synthetic data sets which were randomly-
generated, as well as on two real data sets. The synthetic data sets, for compatibility of
comparison, were generated to the same rough specifications as those reported in [11]: with
some given n (number of series), m (segments per series), and o (standard deviation of the
random magnitudes). The two real data sets, Mallat and Lightcurve, are both part of the
Keogh iSAX (301rpus[15].E

2The code and replication instructions are available from https://github.com/jamesmceclain/
WorldTree.

3 Available from http://www.cs.utah.edu/~liteifei/rankt/. To allow the code to work with all
data sets, we had to make a few minor changes to the SEB-TREE code (mostly to do with increasing the
precision of certain numeric comparisons). We have verified that those changes do not decrease the speed of
the program to any appreciable degree.

4Both data sets are linked-to from the iISAX webpage, http://www.cs.ucr.edu/~eamonn/iSAX/iSAX.
html. At the time of writing, Mallat is found within the CD-Rom zip file and Lightcurves is found in its
own file linked from that page.
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4.1 Construction
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Figure 3: Index sizes and build times for random series as ¢ varies.
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Figure 4: Index sizes and build times as n varies.

We performed a number of experiments to evaluate the size of the search indices created
by WRLD-TREE and by SEB-TREE, as well as the time required to build them. All of the
indices were generated with k.. = n.

Figure B (cf. [11], Fig. 8]) shows the index sizes and index build times required by various
random data sets with ¢ ranging from 10 to 50, with n = 10000 and m = 512 fixed. The
average size of an index created by SEB-TREE is about 1.9 gigabytes compared to around
17 megabytes for WRLD-TREE.

The index sizes for SEB-TREE are larger than those reported in [[11], but we have verified
that that discrepancy is due to our building indices with k., = n instead of k., = 200, as
is done in [L1]. Setting kyax = 200 reduces the sizes of the SEB-TREEs by a factor of ten,
but doing that also reduces the sizes of the WRLD-TREEs by a similar amount.
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Figure 5: Index sizes and build times as m varies.

It was shown in [11] that SEB-TREE produces smaller indices, and makes them faster,
than previous approaches as o varies. This experiment shows that the WRLD-TREE con-
struction process is faster and produces more compact output than any of those approaches
on comparable input.

Figure ff (cf. [L11, Fig. 9]) shows index sizes and build times on synthetic data sets as n
ranges from 10,000 to 50,000, with ¢ = 30 and m = 512 fixed. The largest index created
by SEB-TREE is 10.5 gigabytes, compared to 64 megabytes for WRLD-TREE. The longest
construction time was 970 seconds for SEB-TREE compared to 532 seconds for WRLD-TREE.

SEB-TREE was shown in [[11] to be better in space and speed than R-TREE or MV B-TREE
as n varies, so our experiment on comparable input shows that the same is true of WRLD-TREE.

Figure f (cf. [11, Fig. 10]) shows index sizes and build times as m ranges from 128 to
1,024, with n = 10000 and ¢ = 30 fixed. The largest index created by SEB-TREE was 4
gigabytes (253 seconds), compared to 32 megabytes (126 seconds) for WRLD-TREE.

On the Mallat data set, SEB-TREE took 23 seconds to build a 617 megabyte search
structure, while WRLD-TREE took 78 seconds to build a 9 megabyte search structure. For
the Lightcurve data set, SEB-TREE took 49 seconds to produce a 1.1 gigabyte structure and
WRLD-TREE took 96 seconds to build a 17 megabyte structure. Here we did not preprocess
the data with the SWAB algorithm[[10] as was done in [11]. These results can be compared
to those shown in [11, Fig. 11].

4.2 Queries

We performed a number of experiments to assess the query performance of WRLD-TREE. In
the first three of those experiments, the query parameter £ = 128 is fixed and o, n, and m are
respectively allowed to vary. In the next three experiments, k is allowed to vary as random
queries are performed in the synthetic data sets, in the Mallat data set, and in Lightcurve.
For each combination of parameters, 10,000 random queries were performed and the query
costs in kilobytes and milliseconds were averaged.
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Figure B (cf. [11, Fig. 12(a)]) shows the query performance of WRLD-TREE and
SEB-TREE on random data sets for fixed k£ = 128 as ¢ varies. The typical SEB-TREE
query needed about 26 kilobytes and took a little more than 0.1 milliseconds, whereas the
typical WRLD-TREE query read about 300 bytes and took about 0.06 milliseconds.

Figure H (cf. [11, Fig. 13(a)]) shows the relative performance of the two algorithms as
n ranges from 10,000 to 50,000 on synthetic data sets. The requirements in terms of bytes
and time were similar in this experiment to those found in the previous one.

Figure B (cf. [11, Fig. 14(a)]) shows average query performance as m ranges from 128 to
1,024. The number of bytes requested is similar to those just quoted, but there is a greater
range of time requirements for WRLD-TREE than seen in either of the two previously-
discussed experiments. This wider range of timings can probably be attributed to a less
efficient B-TREE implementation being used in WRLD-TREE than was used in SEB-TREE.

Figures g, 10, and show the measured query performance of both WRLD-TREE
and SEB-TREE as k ranges from 2 to roughly % on various data sets. (The behavior of
WRLD-TREE can be made symmetric about % by storing either the top- or the bottom-%.)
On the synthetic data sets, WRLD-TREE does better than SEB-TREE for smaller values of
k, whereas SEB-TREE does better when k is larger. On the real data sets, WRLD-TREE
does better for all of values of k tested. Please compare Figure u to 11, Fig. 15].

4.3 Updates

We performed experiments to measure the update performance of WRLD-TREE. On randomly-
generated data sets with o = 30 and m = 128, we measured the amortized time required to
bulk-insert n series into a data structure already containing n series (to double the number
of series to 2n). Here, n ranged from 5,000 to 25,000. The amortized time required ranged
from 3.15 milliseconds per series added down to 2.52 milliseconds per series.

On similar randomly-generated data sets, we measured the cost of bulk-deleting n series
from a data structure initially containing 2n series. As before n was allowed to range from
5,000 to 25,000. The amortized deletion time per series, for each n value, ranged from 1.87
milliseconds on the high-end down to 1.21 milliseconds. Please see Figure [12.
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Figure 12: Amortized update performance.
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5 Conclusions

In this work, we presented WRLD-TREE, a family of algorithms for answering instant top-&
queries on time series. The static data structure presented in Section B.1.1 returns a sorted
list of the top-ranked k time series at time t when it is queried. In Section B.1.2 we present
an algorithm which produces a much smaller data structure than the first one, but which
does not return a sorted list. The algorithm given in Section @ produces a data structure
that supports dynamic extension, truncation, insertion and deletion of series.

In Section B, we gave proofs for deterministic bounds on the space requirements, con-
struction times, and query costs of all of the data structures and algorithms presented in
this article. Amortized bounds on the costs of insertions and deletions were also given for
the dynamic structure. The storage requirements of the indices given in Sections @ and
ﬁ are both better than any previously published results of which we are aware.

In Section Y we gave empirical evidence of the algorithms’ performance to compliment
the theoretical analysis given in the section before that. On both synthetic and real data
sets, we showed that the size of the WRLD-TREE data structure is much smaller than
that of any previously-published approach, while requiring similar construction time. The
query performance of WRLD-TREE was shown to be better than that of the R-TREE- or
MV B-TREE-based approaches, and similar to that of SEB-TREE (better on real data sets,
better or worse on synthetic data).

6 Future Work

A generalization of the instant top-k query is to perform the query over intervals of time
rather than instants. An area of possible future inquiry is the application of the ideas
presented in this article to that question. More broadly, the general theme of viewing data
structures as functions, and trying from that perspective to precompute and store them
efficiently, is one that we are interested in applying to other databases-related questions.
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